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Mass- and charge-renormalizations in quantum electro- 
dynamics without use of the interaction representation 


By G. KALLEN 


Summary 


The differential equations of quantum electrodynamics are solved in a few special cases 
without use of the interaction representation of TomonaGa and SCHWINGER. The results agree 
with those obtained earlier and the calculations are, at least in the problems treated here, 
somewhat simpler than before. It may thus be pointed out that the mass- and charge- 
renormalizations can be carried out without any reference to a system of space-like surfaces. 
This is especially convenient when particles of integer spin are present, as the interaction 
operator of SCHWINGER then contains the normal unit vectors of these surfaces. The end 
formulae, however, must be independent of the normals. 


I. Introduction 


During the last years considerable progress in the field of quantum electro- 
dynamics has been made due to the conceptions of mass- and charge-renorma- 
lizations. With the use of these ideas it has been possible to separate the 
divergent parts of cross-sections, energy-level shifts and so on, and to extract 
physically significant results from the remaining terms. As far as those formulae 
have been compared with experiments the agreement is good. In all the cal- 
culations referred to above, the differential equations of quantum electro- 
dynamics have been solved in two steps. The electromagnetic and the electronic 
field operators, which are originally given in a Heisenberg representation, are 
first transformed to an intermediate representation (the interaction representation) 
where the field equations are the same as those for the free fields.1 The re- 
maining time dependence is taken over by the state vector |y), the variation 
of which is given by 


6 
gle? — Helly) () 


The solution of equation (1) is the second step in the calculation. The usual 
procedure is to transform the state vector by a series of canonical transformations, 


1 J. ScHwincER: Phys. Rev. 74, 1439 (1948). 
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until the right-hand side of the equation of motion is of a sufficiently small _ 
order of magnitude and can be neglected. The new state vector is then a 
constant — that is, one has returned to the original Heisenberg representation. 
An arbitrary operator F is then given as a power series in the coupling con- 
stant e 


Fo FO) + ¢ FOr Fe) =. (2) 


where the F are built up of commutators and e-functions or of P-symbols.” 

It might be of interest to investigate, if it is possible to treat the same 
equations without using the interaction representation. In the calculations below 
we will retain the Heisenberg representation and substitute the expansions (2) 
directly into the original equations.* The coefficients of different powers of e 
will then be put equal to zero, and the formulae obtained in this way will be 
shown to be identical with those of SCHWINGER. 


II. Vacuum polarization in an external field for particles of spin 4 


We begin with this simple problem where the only operator equation is 
O : 
ya, +m) p(x) =tey A(x) p(a). (3) 


The potentials A, (zx) are here given functions of space and time and no operators. 
We put 


v2) = ya) + ey (a) + (4 

and obtain from (3) 
(1.5. + m) wD) = 57 A) y (a) 
(r 2. : m| y (2) = 0. (5 b) 


The operators y©(x) here correspond to the operators y(«) of ScHWINGER and 
the same argument as used by him will give the formulae? 4 


adele (6a) 
(Fy 2), wo = SO (0! — 2). (6b) 


> F. J. Dyson: Phys. Rev. 75, 486 (1949). 
* A similar formalism has been developed independently by C. N. Yana, Princeton, and 


I should like to take this opportunity of thanking him for sending me his unpublished 
results, 


“ J. Scuwinerr: Phys. Rev. 75, 651 (1949). 
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As boundary conditions for the equation (5a) we use (nm + 0) 
yw" (xz) +0 for a> — oc (7 a) 
y™(x)|y>>0 for rzy> +0. (7 b) 


The last equation expresses the absence of real effects and is, in fact, a con- 
dition for the given external field. Equation (7 a) is then the important boundary 
condition for the operators. With the aid of the formulae 


0 
(72. + m)see) =o (8 a) 
: Si, 
(7 57. +m) Se) =—8(@ (8b) 
we now obtain from (5a) a recursion formula for yp” (2) 
yD (0) = — 5 f Sele —2')y A a’) yo (@') da’ (9a) 
Sr(x) = 8 (x) — 3 8 (2). (9 b) 


From (9b) it is immediately seen that (7a) is fulfilled. Equation (7b) gives 
[S@—2)yA(o) y™ (a) da’ |p) =0 (10) 


and hence we always get the correct expectation values if we use 


yD (x) = — 1 f S(a—2') py A(o') y (v’) do’ (9c) 
as the solution of (5a). From (9c) we obtain without difficulty 
ws”) (2) = (— 1) yf - [da -- da" S(a—a2')y A(x’) 8 (a’ — 2") - 
eA es ema (ae *) yy Aa) ya"), (11) 


Writing the expectation value of the current operator as 


Cin @) Po = Deer IM (a) Yo (12) 
n=0 
we get 
Cio (@) = fe fda! + da" Sp [yuS(e —2')y Ae’) 


+ y A (am) SY (a — +3) y A (amt)... yp A(a") S(a* —a2)J. (13) 


This formula has earlier been obtained by the author using the original for- 
mulation of SCHWINGER.°® 


5 G. Karutn: Helv. Phys. Acta 22, 637 (1949). 
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III. Vacuum polarization in an external field for particles of spin 0 


In this case the differential equation for the operator is 


(CL) —.m*) p(x) =te [4.72 + i. (4.10) 92) + eA, (x) A,(x) p(x). (14) 


Ox; 
Putting 
x)= Dery (2) (15) 
as before, we get | 
x’ 0 OK (x a x’) F ; | 
(n+) (gy beri x a 
a es bee ae Valen 5 a |e (x’) da’ + 
= ) - A,, (x BFS — x’) Ov, ep é (e ee 7) gy) (a’’) dz’ dx” (16) 
and hence 
= 0 
(™) (a = (— da’ --- dx" A,.(2’) --- Ay. (x | aga ees 
: ’) ae 4) x’ 2 1(2’) aCe} A (@ x’) 5 m3 
Re _ E DU ; 
Wee i ‘ a ” ; eee m—1 __ 7n 
OLy, ras (x x Vo =F on, [a (x £ oan ig 
I ie | Nv [a @ | 0K@—*2’) 
ap ; wee 
Ee an pa ea) a as . | 
Fi ade epoca gl ace | — 
- E (x 2__» 3) as dai AN (a? if ae x) ie 6 (a' — a+) A 
Pati i 0 OK (git! — git? 
i E (x <1 ee aes Sa me J Ries : 
+2 M+2 | 


YK (y~nr—1 — an 
[Baran 2 eae =I] + 


vr, ane: 
sr 2 Fo nas @') b159;,,0(@ — git) ui J (2/1 — a) Ov 5,4 0(2? — at) 
i<j<k 


Rearranging the terms in the hermitian conjugate of (17) according to the 


scheme 
are’ d dg(x 
(10) 7, — GP) 0) =— (se) £ — 4) fey 
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we obtain 


Hi (a) = (= ayn fovs fda! oda Ay (a) Ane’) | 9") 52 — 


AA Saal Eg eae OX (a” — a”-1) 
silt ey [ze Raised 205 Eas Il. 


[ae -a 55 + 2A aw =H) h aa ae (18) 


Vy v1 


Writing, for convenience, the current operator as 


oy te (09%) i J2002) peal) 
in(ey = 32 (PEO), peey| — (PPE), or eoh) 
~2A,(@) {9 p@I=Derj(e —(19) 


we get In momentum space 


, 1 1 4n+3 F ; rs ; 
<i (2) 0 = 5 (5) fu fdpdp PANO dp” e'* \-P )A,, (p — pp) Acus 


7 6 (p? + m?) 
a ae peas (p" =p") 


pA, (yp — pet) Po) 


ae ey 


| 6(p™ + m?) 
* (p? = p™) + (pr — =I oy 


where 
52 
cet ae TN pe Ovjvig, (DY + m?) m3"). + » Ovgriga’ 
a t<j 
; Pie es + m?) (p® + m?) x mn ee th —> Renee (21) 
and 
mi”) = (yy + Poy) (Dry + Br) ** (BY, + Py?) (Pu + Ph) (22 a) 
(n) 
OV ne ee ees 22 b 
Mh tes. Pa) (Pak Wg) ee vag 
v 7 J 


These formulae have also been obtained earlier with the formalism of SCcHWINGER.” 
However, the calculations are here simpler, because we have no trouble with 
the normals of the space-like surfaces of TomonaGa and SCHWINGER. 
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IV. The first radiative corrections to the current operator and the mass- 
renormalization for particles of spin 4 

We now turn to the more complicated problem of the radiative corrections 

to the current operator for particles of spin 4. In this case both the electron 


field and the electromagnetic field are operators and we write their equations 
of motion as 


(72 + m) we) = (Av), rove) + dmy lo (23) 
5 Ay () = — "Sp @), moll (24) 


The constant m in equation (23) is the experimental mass of the particle and 
the singular functions, which appear below, must be constructed with this mass. 


The dm of the right-hand side of (23) must, if possible, be determined in such 


a way that no divergences appear in the end formulae (except charge-renor- 
malization factors). As before we expand w(x), A,(x) and 6m in powers of e, 
and obtain 


F 2 2 n+1 
m=0 m=1 
= Gd 
DAY (a) = — 5 DY), rey @)]. (26) 
m=0 


The first approximations are 
yO (2) = — 6 f S(@—a') py A (v') yO (w’) da’ — dm [8 (@—2') y (v’) da’ (21) 


A® (2) =5 [ Dee 2) 9 @), oye] de’. (28) 


For the corresponding term of the current operator we obtain 


5 (2) = 4 f LC), 28 (@— 2) poy (0')] AO eda’ — 19m 4. 
-f [yp (2) Yu S (a — 2’) py (x’)] da’ + herm. conj. (29) 


To determine 6m” we compute the one-electron part of (29) and, due to the 
factor A(z’), get zero for the first term and its hermitian conjugate, Hence 


dm = 0, (30) 
(As is easily seen from an analogous argument we also obtain, more generally 


Om2n+1) = 0 (30 a)) 
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In the next approximation we get 
w(x) = — $f [S(e@—2') 5 (0 —2") yy (0) {A (0); AM (2")} da! da” + 
+ Ef [Sa ym fy (0) [9 (&), yy (NN) Oro D (0! — 2") da! da” — 
— dm® [ §(v—2') py) (at) da’. (31) 


As our theory is gauge invariant we can use the formula 
AD (2'), AO (@) Do = Sr D (a — 2") (32) 
and obtain from (31) with the aid of (32) 
519), uy hwo = — Sf fH), 4S — 2) Se! —2") yay (2h 
DO — 2 Onn Ot Ox + tf {Sp [S® (2 — 2) yw S (aw — 2’) yp] - 


[Ly (@), Yrs pv (@' Yh — [YO (a), ye 8 (@ — 2) ry SY (2 — 2") vr WP (2) — 


— [py (2), YreS (2 — 2) yu 8 (@ — @') yy Y (@' Vi} O14 D(a’ — 0") da’ dae” — 
— Same [© @), x8 @—2') yOwhde’. (33) 
Further 
* [o @), Yu YP (z)hi,0 = — 
—* {foe ), Yr (2 —2) yu 8 (a—2') yxy YO (Va bn 2g D(x’ a2") dav’ da’ (34) 


and we obtain the second order radiative correction to the current operator in 
the one-particle case as 


C72 (2) 1,0 = 5 f LY), Yu 8 (@—2') (G@) — 8m yw dar + 
+ 5 [1G@)— dm® YO wry 5 (0 —2) yu, y (0) do’ — 
v ai Mr at 1 Mt 
a rh [py (x’), Ku (x’ —2, 2— 2’) y (a), da’ da" + vac. pol. (35) 


$(e) = —4f vs[S(@—2') Da’ —2) + S@—2') DY (x —2)] y(n") da’ (36) 
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K,(a' —2, «—2") = y, SY (¢' — 2) yS (2 — 2") De" — 2’) + 
+ 8 (e' — 2) yp, S® (2 — 2"), De” —a’) + 
+ y,8(a' — 2) ya S (a — 2") py, DY (x — 2’). (37) | 


These equations are the same as those obtained by ScHWINGER and used by 
him to compute the anomalous magnetic moment of the electron, the radiative 
correction to the scattering cross-section etc.® 

It is not difficult to obtain a similar formula for the radiative correction to 
the current operator for particles of spin 0. Instead of the factors involving 
y-matrices we get expressions of the form (21) and the numerical factors in _ 
the formula are slightly changed. In addition, of course, anticommutators must 
be substituted throughout for the commutators. 


V. Conclusions 


In the examples treated above the calculations are comparatively simple, 
when the formalism that has been developed here is used. This is, however, 
also the case in the original formulation of ScHwincER. The higher approxima- 
tions of vacuum polarization in an external field are possibly somewhat simpler 
here, as we have avoided the e-functions of SCHWINGER and their rather com- 
plicated treatment.®® This is also achieved in the formalism of Dyson? and 
it remains to compare the merits of the two methods in the higher approxi- 
mations of the radiative corrections to various operators. Dyson’s method, 
however, does not avoid the complication involved in the normals of the 
TOMONAGA-SCHWINGER space-like surfaces. 


Department of Mechanics and Mathematical Physics, University of Lund. 


° J. Scuwineer: Phys. Rev. 76, 790 (1949). 
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